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Discrete Probability Spaces

Discrete Probability Space (Ω, ?)
Countable sample space Ω consisting of “outcomes” (“simple events”)

Probability mass function ? : Ω → [0, 1] with ∑
l∈Ω ? (l) = 1

Event: subset � ⊆ Ω
Complementary event of �: �̄ := Ω \�
Probability measure Pr : 2Ω → [0, 1] defined by Pr[�] := ∑

l∈� ? (l)
for all � ⊆ Ω.

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

� = {2, 4, 6}, $ = {1, 3, 5}
Pr[�] = ? (2) + ? (4) + ? (6) = 3 · 1

6 = 3
6 = 1

2

Pr[$] = 1 − Pr[$̄] = 1 − Pr[�] = 1 − 1
2 = 1

2
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Reminder: Series

A set � is countable if it is finite or there is a bijective mapping between �

and N.

We often write:

� = {01, 02, . . . 0: } (� finite) or

� = {01, 02, . . .}

For any infinite sequence � = (01, 02, . . .) of terms the expression
∑∞

8=1 08
(also written as

∑
0∈� 0) is called the series of �.

If lim=→∞
∑=

8=1 08 exists, then we say that the series converges and
lim=→∞

∑=
8=1 08 called the value of the series.
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Boole’s Inequality

Lemma (Boole’s Inequality aka Union Bound)
Let � und � be two events and let � = � ∪ � be the event that occurs if � occurs
� occurs. Then it holds that Pr[�] ≤ Pr[�] + Pr[�].
In general, for every finite, nonempty set of events A = {�1, . . . , �=} it holds
that: Pr[⋃=

8=1�8] ≤
∑=

8=1 Pr[�8].

Example
Die roll: $ = {2, 4, 6}, ( = {1, 4}
By inequality: Pr[$ ∪ (] ≤ Pr[$] + Pr[(] ≤ 3

6 + 2
6 = 5

6

Actually: $ ∪ ( = {1, 2, 4, 6} and thus Pr[$ ∪ (] = 4
6 = 2

3
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Stochastic Independence

Independence of events:

Two events � are � independent if Pr[� ∩ �] = Pr[�] · Pr[�]

A finite set of events A = {�1, . . . , �=} is pairwise independent if, for
all distinct pairs of indices 1 ≤ 8, 9 ≤ =, �8 and � 9 are independent

A finite set of events A = {�1, . . . , �=} is mutually independent if
Pr[⋂8∈� �8] =

∏
8∈� Pr[�8] for every non-empty subset � ⊆ {1, . . . , =}

Example
Die roll: � = {2, 4, 6}, ( = {1, 4}
Pr[�] = 3

6 = 1
2 and Pr[(] = 2

6 = 1
3 and thus Pr[�] · Pr[(] = 1

2 · 1
3 = 1

6 .

Since � ∩ ( = {4}: Pr[� ∩ (] = 1
6 = Pr[�] · Pr[(]

Thus: � and ( are independent.
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Conditional Probability

Conditional probability of � given �:

Pr[� | �] := Pr[�∩� ]
Pr[� ]

(if Pr[�] ≠ 0)

� and � with Pr[�] ≠ 0 are independent if and only if Pr[� | �] = Pr[�]

Example
Die roll: � = {2, 4, 6}, ( = {1, 4}, % = {2, 3, 5}
Pr[( | �] = Pr[(∩� ]

Pr[� ] =
1/6
1/2 = 1

3 = Pr[(]

Pr[% | �] = Pr[%∩� ]
Pr[� ] =

1/6
1/2 = 1

3 ≠ 1
2 = Pr[%]
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Law of Total Probability
Theorem (Law of Total Probability)
For any events � and � it holds that

Pr[�] = Pr[� ∩ �] + Pr[� ∩ �̄] = Pr[� | �] · Pr[�] + Pr[� | �̄] · Pr[�̄]

In general, for every event � and every countable, nonempty set of events
B = {�1, �2, . . .} such that �8 ∩ � 9 = ∅ for all 8 ≠ 9 and

⋃
�∈B � = Ω it holds

that:
Pr[�] =

∑
�∈B

Pr[� ∩ �] =
∑
�∈B

Pr[� | �] · Pr[�]

Example
Die roll: � = {2, 4, 6}, $ = {1, 3, 5}, % = {2, 3, 5}

Pr[%] = Pr[% | �] · Pr[�] + Pr[% | $] · Pr[$] =
(
1

3
+ 2

3

)
· 1
2
=
1

2

Sebastian Forster (U. Salzburg) Discrete Probability Theory 7 / 19



Law of Total Probability
Theorem (Law of Total Probability)
For any events � and � it holds that

Pr[�] = Pr[� ∩ �] + Pr[� ∩ �̄] = Pr[� | �] · Pr[�] + Pr[� | �̄] · Pr[�̄]

In general, for every event � and every countable, nonempty set of events
B = {�1, �2, . . .} such that �8 ∩ � 9 = ∅ for all 8 ≠ 9 and

⋃
�∈B � = Ω it holds

that:
Pr[�] =

∑
�∈B

Pr[� ∩ �] =
∑
�∈B

Pr[� | �] · Pr[�]

Example
Die roll: � = {2, 4, 6}, $ = {1, 3, 5}, % = {2, 3, 5}

Pr[%] = Pr[% | �] · Pr[�] + Pr[% | $] · Pr[$] =
(
1

3
+ 2

3

)
· 1
2
=
1

2

Sebastian Forster (U. Salzburg) Discrete Probability Theory 7 / 19



Law of Total Probability
Theorem (Law of Total Probability)
For any events � and � it holds that

Pr[�] = Pr[� ∩ �] + Pr[� ∩ �̄] = Pr[� | �] · Pr[�] + Pr[� | �̄] · Pr[�̄]

In general, for every event � and every countable, nonempty set of events
B = {�1, �2, . . .} such that �8 ∩ � 9 = ∅ for all 8 ≠ 9 and

⋃
�∈B � = Ω it holds

that:
Pr[�] =

∑
�∈B

Pr[� ∩ �] =
∑
�∈B

Pr[� | �] · Pr[�]

Example
Die roll: � = {2, 4, 6}, $ = {1, 3, 5}, % = {2, 3, 5}

Pr[%] = Pr[% | �] · Pr[�] + Pr[% | $] · Pr[$] =
(
1

3
+ 2

3

)
· 1
2
=
1

2

Sebastian Forster (U. Salzburg) Discrete Probability Theory 7 / 19



Law of Total Probability
Theorem (Law of Total Probability)
For any events � and � it holds that

Pr[�] = Pr[� ∩ �] + Pr[� ∩ �̄] = Pr[� | �] · Pr[�] + Pr[� | �̄] · Pr[�̄]

In general, for every event � and every countable, nonempty set of events
B = {�1, �2, . . .} such that �8 ∩ � 9 = ∅ for all 8 ≠ 9 and

⋃
�∈B � = Ω it holds

that:
Pr[�] =

∑
�∈B

Pr[� ∩ �] =
∑
�∈B

Pr[� | �] · Pr[�]

Example
Die roll: � = {2, 4, 6}, $ = {1, 3, 5}, % = {2, 3, 5}

Pr[%] = Pr[% | �] · Pr[�] + Pr[% | $] · Pr[$]

=

(
1

3
+ 2

3

)
· 1
2
=
1

2

Sebastian Forster (U. Salzburg) Discrete Probability Theory 7 / 19



Law of Total Probability
Theorem (Law of Total Probability)
For any events � and � it holds that

Pr[�] = Pr[� ∩ �] + Pr[� ∩ �̄] = Pr[� | �] · Pr[�] + Pr[� | �̄] · Pr[�̄]
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⋃
�∈B � = Ω it holds

that:
Pr[�] =

∑
�∈B

Pr[� ∩ �] =
∑
�∈B

Pr[� | �] · Pr[�]

Example
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Bayes’ Theorem

Theorem (Bayes’ Theorem)
Let � and � be events and Pr[�] ≠ 0. Then

Pr[� | �] = Pr[� | �] Pr[�]
Pr[�]

Sometimes: Obtain Pr[�] by law of total probability
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Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R

“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}

Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]

Expectation: Ex[- ] := ∑
l∈Ω - (l) · ? (l) = ∑

G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G]

(aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Random Variables and Expected Values
Random variable - on discrete probability space (Ω, ?):

- : Ω → R
“- = G” is the event {l ∈ Ω |- (l) = G}
Probability distribution Pr- : R→ [0, 1] of - given by
Pr- [G] := Pr[- = G] = Pr[{l ∈ Ω |- (l) = G}]
Expectation: Ex[- ] := ∑

l∈Ω - (l) · ? (l) = ∑
G∈R G ·Pr[- = G] (aka `)

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Pr[- = G] =
{
1
6 if G ∈ {1, . . . , 6}
0 otherwise

Ex[- ] = 1 · Pr[- = 1] + · · · + 6 · Pr[- = 6] = (1 + · · · + 6) 16 = 21
6 = 7

2 = 3.5

Sebastian Forster (U. Salzburg) Discrete Probability Theory 9 / 19



Linearity of Expectation

Theorem (Linearity of Expectation)
Let - and . be random variables and let / := - +. be the sum of these random
variables. Then it holds that Ex[/ ] = Ex[- ] + Ex[. ].
In general: For any finite sequence of random variables -1, . . . , -= and
U1, . . . , U= ∈ R it holds that Ex[∑=

8=1 U8-8] =
∑=

8=1 U8 Ex[-8].

Example
Two dice:

- : Value of first die
. : Value of second die

Ex[- + . ] = Ex[- ] + Ex[. ] = 3.5 + 3.5 = 7.
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Variance

Variance of random variable - : Var[- ] = Ex[(- − Ex[- ])2]

(aka f2)
Standard deviation of random variable - : f =

√
Var[- ]

Lemma
Var[- ] = � [- 2] − � [- ]2

Lemma
If - and . are independent, then Var[- + . ] = Var[- ] +Var[. ].

Example

Die roll: Ω = {1, 2, 3, 4, 5, 6}, ? (1) = ? (2) = ? (3) = ? (4) = ? (5) = ? (6) = 1
6

- (l) := l

Ex[- ] = 7

2
Var[- ] =

6∑
8=1

1

6

(
8 − 7

2

)2
=
35

12
≈ 2.92
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Uniform Distribution

A random variable - has a uniform distribution with parameters 0 ∈ N
and 1 ∈ N, where 0 ≤ 1, (- ∼ * (0,1)) if

Pr[- = :] =
{
1
=

if : ∈ {0, 0 + 1, . . . , 1}
0 otherwise

with = := 1 − 0 + 1.

1 2 3 4 5 6
0.00

0.05

0.10

0.15

0 = 1,1 = 6
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Bernoulli Distribution

A random variable - has a Bernoulli distribution with parameter ? ∈ [0, 1]
if

Pr[- = :] =


? if : = 1

1 − ? if : = 0

0 otherwise.
Usually, ? is called the success probability.

0 0.2 0.4 0.6 0.8 1
0.00

0.20

0.40

0.60

0.80
? = 1

6
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Binomial Distribution
Let -1, . . . , -= be a finite sequence of random variables that each have a
Bernoulli distribution with the same parameter ? (finite Bernoulli process)
and let - :=

∑=
8=1-8 . Then - has a binomial distribution with parameters

= ∈ N and ? ∈ [0, 1] (- ∼ �(=, ?)) and

Pr[- = :] =
{(

=
:

)
?: (1 − ?)=−: if : ∈ {0, 1, . . . , =}

0 otherwise.

Usually, = is called the number of trials and ? is called the success probability.

0 0.5 1 1.5 2 2.5 3
0.00

0.20

0.40

0.60 = = 3,? = 1
6

Poisson binomial distribution: arbitrary success parameters ?1, ?2, . . . , ?=
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Geometric Distribution

Let -1, -2, . . . be a countably infinite sequence of independent random
variables that each have a Bernoulli distribution with the same parameter ?
(infinite Bernoulli process) and let - := min{8 ≥ 1 | -8 = 1}. Then - has a
geometric distribution with parameter ? ∈ [0, 1] (- ∼ � (?)) and

Pr[- = :] =
{
? (1 − ?):−1 if : ∈ {1, 2, . . .}
0 otherwise.

Usually, ? is called the success probability.

0 5 10 15 20
0.00

0.05

0.10
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Expectation of Geometric Distribution
Theorem

Let - have a geometric distribution with parameter ? . Then Ex[- ] = 1
?
.

Proof:
Pr[- = :] = (1 − ?):−1?
Definition of expectation:

Ex[- ] =
∑
:≥1

: · Pr[- = :]

=
∑
:≥1

: (1 − ?):−1? =
∑
:≥0

(: + 1) (1 − ?):?

=
∑
:≥0

: (1 − ?):? +
∑
:≥0

(1 − ?):?

=
∑
:≥1

: (1 − ?):? +
∑
:≥1

(1 − ?):−1?

= (1 − ?)
∑
:≥1

: (1 − ?):−1? +
∑
:≥1

Pr[- = :]

Thus: Ex[- ] = (1 − ?) Ex[- ] + 1

, also Ex[- ] = 1
?
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Memorylessness of Geometric Distribution

Theorem (Memorylessness of Geometric Distribution)
For every random variable - that has a geometric distribution and all<,= ≥ 0 it
holds that

Pr[- > < + = | - > <] = Pr[- > =] .

Example
- : Number of die rolls until a six comes
Pr[- > 3 | - > 2] = Pr[- > 2 + 1 | - > 2] = Pr[- > 1] = 1 − ? .
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Markov’s Inequality

Theorem (Markov’s Inequality)
Let - be a non-negative random variable with expected value ` := Ex[- ] and
let U > 0. Then

Pr[- ≥ U · `] ≤ 1

U
.

Example
- : value of die roll

With ` = 7
2 Markov’s inequality gives: Pr[- ≥ 4] = Pr[- ≥ 8

7 · `] ≤ 7
8 .

Actually we have: Pr[- ≥ 4] = 1
2 .
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Chebyshev’s Inequality

Theorem (Chebyshev’s Inequality)
Let - be a random variable with expected value ` := Ex[- ] and finite, non-zero
standard deviation f =

√
Var[- ] and let U > 0. Then

Pr[|- − ` | ≥ U · f) ≤ 1

U2
.

Example
- : value of die roll

With ` = 7
2 and f =

√
35
12 Chebyshev’s inequality gives:

Pr[- = 1 ∨ - = 6] = Pr[|- − ` | ≥ 5
2 ] = Pr[|- − ` | ≥

√
15
7 · f] ≤ 7

15 ≈ 0.47.

Actually we have: Pr[- = 1 ∨ - = 6] = 1
3 .
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